ABSTRACT In this paper, the finite-time H ∞ model reference tracking control problem for switched linear parameter-varying (SLPV) systems is considered. The associated error SLPV system is obtained by designing the SLPV reference model based on a set of affine Sylvester equations. By using the mode-dependent average dwell time (MDADT) approach, sufficient conditions are deduced to guarantee the finite-time boundedness with a prescribed H ∞ performance of the error SLPV system. The design problem of the model reference SLPV controller is converted into the design of the reference model and the analysis of the finite-time H ∞ performance of the error SLPV system. Consequently, the relationship among the MDADT, the exogenous disturbance and the finite-time intervals is established. Finally, an application regarding the speed tracking control of a turbofan engine is given to verify the effectiveness of the acquired results.
I. INTRODUCTION
The theory of linear systems is currently developing rapidly. In practice, however, most systems are strongly nonlinear, and how to investigate nonlinear systems using linear system theory and related control methods is a challenging problem. Fortunately, as an extension of linear time-invariant (LTI) systems, linear parameter-varying (LPV) systems are designed to solve this problem. More specifically, since they have state-space matrices that are affine functions of time-varying parameters, LPV systems have attracted significant attentions [1] . In LPV control applications, LPV models have been used to describe nonlinear systems by their parameterized linear dynamics and have been investigated to guarantee their stability [2] . In past decades, numerous systems have been studied using the LPV framework, such as aircraft systems [3] , missile autopilot systems [4] , and electric vehicle systems [5] . However, when the LPV model covers a large range of nonlinearity, an LPV system may be too complicated
The associate editor coordinating the review of this manuscript and approving it for publication was Rongni Yang. to be stabilized by a single controller. In this case, a more promising type of system which embeds the idea of switching and is called the switched linear parameter-varying system (SLPV) is utilized to enhance the design feasibility [6] .
Inspired by the switching idea, switched systems which consist of a finite number of subsystems and a rule orchestrating the switching among them are established as a class of hybrid systems [7] . As a kind of time-controlled switching rule, average dwell time (ADT) logic has been proven to have the ability to stabilize and control switched systems [8] . Nevertheless, it should be pointed out that under the ADT logic, the dwell time is independent of the system modes, which will inevitably yield more conservative results. Owing to the restrictions of the ADT logic, [9] proposes the mode-dependent average dwell time (MDADT) logic, which permits each subsystem to have its own average dwell time. Obviously, the MDADT logic is more broadly applicable in practice than the ADT logic.
As a class of switched systems, SLPV systems have a powerful ability to approximate nonlinear systems, and they have drawn considerable attention in control fields, including wind turbine systems [10] , magnetic bearing systems [11] , and others [12] , [13] . In the literature, stability analysis and control synthesis are typical focuses of such systems [14] - [16] . In [11] , the multiple Lyapunov functions technique is used to analyze system stability, and the stabilization problem of discrete SLPV systems is studied in [17] . Additionally, a wide range of control syntheses for switched systems are investigated. For example, an H ∞ controller for asynchronously SLPV systems is designed in [18] . The problems of H ∞ model reduction and l 2 − l ∞ model reduction for SLPV systems are studied in [19] , [20] , respectively. Due to its special characteristics in modeling, it is beneficial to investigate SLPV systems. However, SLPV systems present a difficult control problem due to their complicated components.
On the other hand, it is well known that the existence of disturbances is an inevitable phenomenon in the real world. To apply control schemes to engineering applications, the exploration of the H ∞ control is absolutely essential [21] . Most existing control schemes used to stabilize systems focus on the behavior of the systems dynamics over an infinite-time horizon. However, in many engineering applications, it is worthwhile to study the transient performance of systems over a finite-time horizon [22] . Different from Lyapunov asymptotic stability, finite-time stability regulates the state of systems remaining within prescribed bounds during a finite-time horizon. In the literature, a set of controllers are designed to guarantee finite-time boundedness of a switched system with a prescribed H ∞ performance in [23] , and then these results are extended to discrete switched linear systems [24] . So far, only a few researchers have focused on the finite-time stability of SLPV systems, which motivates this paper.
The tracking problem of SLPV systems is an important issue which has been handled by state-feedback control methods and output-feedback control techniques [18] , [25] . However, to the best of the author's knowledge, there is no result reported on model reference tracking techniques for SLPV systems to deal with the tracking problem, especially the speed adjustment problem for aero-engines [26] - [28] . In addition, achieving consensus is much more meaningful in engineering applications over a finite-time interval. Reference [29] deduced the concept of the finite-time stability of SLPV systems under ADT switching logic by designing a state feedback controller. However, a single state feedback controller cannot satisfy the control precision and the performance of systems under the complicated engineering environment any more. Partly inspired by the model reference LPV control [30] , this paper proposes a finite-time H ∞ model reference SLPV control. As an extension to work on LPV systems, the proposed control scheme regulates the output of the SLPV systems to the desired dynamics of the reference systems in finite time. Hence, it is of practical and theoretical significance to investigate finite-time H ∞ control problem by virtue of model reference control for SLPV systems.
In this paper, the tracking problem of finite-time H ∞ model reference control for SLPV systems is investigated using the MDADT method. The main contributions of this paper are threefold. First, the finite-time H ∞ model reference SLPV control scheme is investigated for the first time. Because of the interactions among the exogenous disturbance, the switchings and the running time of the switched system, the problem considered here is much more difficult than the general traditional H ∞ control problem of the switching system in the sense of Lyapunov exponential stability. Second, the proposed finite-time H ∞ model reference SLPV control scheme is an extension of the model reference LPV control scheme. Using the MDADT approach, sufficient conditions are deduced to guarantee the finite-time H ∞ performance of SLPV systems. Finally, we establish the relationship among the MDADT, the exogenous disturbance and the finite-time intervals, which is more valuable in practical application.
The paper is organized as follows. The problem statement, preliminaries and some relevant definitions are presented in Section 2. In Section 3, using the MDADT approach, two main theorems are developed to construct a model reference SLPV controller such that the output of the system is regulated to the desired dynamics of the reference systems in finite time. In Section 4, the proposed control scheme is applied to the aero-engine system to deal with the problem of speed adjustment, and the simulation result verifies the effectiveness of the main results. Finally, conclusions are drawn in Section 5.
The notation in this paper is fairly standard. The symbol * denotes symmetric terms in matrices. P > 0 (P < 0) indicates that P is a positive-definite (negative-definite) matrix, and P T denotes its transpose. For any symmetric matrix P, λ max (P) (λ min (P)) denotes the maximum (minimum) eigenvalue of P.
II. PROBLEM STATEMENT AND PRELIMINARIES
A. SYSTEM DESCRIPTION Consider a special class of SLPV system given by
where the switching signal σ (t) is a piecewise constant function depending on time or state. σ (t) takes its value in the set = {1, 2, 3, . . . , M }, and M is the number of subsystems. The vector of scheduling parameters ρ(t) = [ρ 1 (t), ρ 2 (t), . . . , ρ s (t)] T can be measurable online, and it varies in a convex polytope of known vertices i , (j = 1, 2, . . . , s). x(t) ∈ R l denotes the state vector, y(t) ∈ R n denotes the measurement output vector, u(t) ∈ R q denotes the control input vector, and ω(t) ∈ R r denotes the exogenous disturbance vector. We assume that matrices A i ,B i ,C i ,D i and E i are known and of appropriate dimensions.
Remark 1: If the SLPV systems are not given in the form of (1), we can use the method in [26] to obtain an augmented system of the form (1).
Consider an SLPV reference model given by
where x m (t) ∈ R l denotes the state vector, y m (t) ∈ R n denotes the measurement output vector, and u m (t) ∈ R q denotes the control input vector.
In this paper, a model reference SLPV controller is given by:
For the i th subsystem, K i (ρ) is the feedback gain, and F i (ρ) and Q i are design matrices of appropriate dimension satisfying the following conditions:
To guarantee the control requirement of this article, the error SLPV system is given by using (3)- (6) as
where e = x − G σ x m is defined as the state error vector and e y = y − y m is defined as the output error vector.
The main objective of this paper is to construct a model reference SLPV controller (3) and deduce some sufficient conditions such that the error SLPV system (7) is finite-time bounded with a prescribed H ∞ performance under MDADT switching signals.
B. PRELIMINARIES
Assumption 1: In this paper, we assume that the exogenous disturbance ω(t) is time-varying, and that for a given constant T f , it satisfies the following constraint
Definition 1 ([9] Mode-dependent average dwell time (MDADT):
For any T ≥ t ≥ 0, N σ i denotes the switching numbers of the ith subsystem activated over the interval [t, T ), N 0i denotes the mode-dependent chatter bounds, and T i [t, T ) denotes the total running time of ith subsystem over the interval [t, T ). If there exists τ ai > 0 such that the inequality
holds, then τ ai is the mode-dependent average dwell time (MDADT) of the ith subsystem.
Definition 2 ([29] Finite-time stability (FTS)):
Consider an SLPV system described bẏ
Given a switching signal σ and a matrix R > 0, the system (10) with u(t) ≡ 0 is said to be finite-time stable with respect to (c 1 , c 2 , T f , R, σ ), where 0 < c 1 < c 2 and
Remark 2: During the transients, the finite-time stability regulates the state of the system cannot exceed the prescribed bounds. However, the state of a Lyapunov asymptotically stable system may exceed the prescribed bounds.
Definition 3 ([29] FTS via SLPV state feedback control):
Given a switching signal σ and a matrix R > 0, system (10) is said to be FTS via SLPV state feedback control with respect to (c 1 , c 2 , T f , R, σ ), where 0 < c 1 < c 2 and T f > 0, if there is a switched LPV state feedback controller
such that the corresponding closed-loop system is FTS with respect to (c 1 ,
By designing a switched LPV state feedback controller, sufficient conditions of FTS via SLPV state feedback of an SLPV system were deduced in [29] . As a generalization of the finite-time stability, the concept of the finite-time boundedness is proposed when some initial conditions and an external disturbance are working on the systems. In this paper, we design a model reference SLPV controller to guarantee the finite-time boundedness with a prescribed H ∞ performance of the error switched system (7). For convenience of discussion, this paper extends some relevant concepts.
Definition 4 ([29] Finite-time boundedness (FTB)):
Consider an SLPV system (1) with an exogenous disturbance vector ω(t) that satisfies Assumption 1. Given a switching signal σ and a matrix R > 0, the system (1) with u(t) ≡ 0 is said to be FTB with respect to (c 1 , c 2 , T f , R, σ ), where 0 < c 1 < c 2 and
Definition 5 (FTB via model reference SLPV control):
Consider a SLPV system (1) with an exogenous disturbance vector ω(t) that satisfies Assumption 1. Given a switching signal σ and a matrix R > 0, system (1) is said to be FTB via model reference switched LPV control with respect to (c 1 , c 2 , T f , R, σ ), where 0 < c 1 < c 2 and T f > 0, if there is a model reference SLPV controller (3) such that the corresponding error switched system (7) is FTB with respect to (c 1 , c 2 , T f , R, σ ).
Definition 6 (Finite-time H ∞ performance via model reference SLPV control):
Consider an SLPV system (1) with an exogenous disturbance vector ω(t) that satisfies Assumption 1. Given a switching signal σ and a matrix R > 0, the system (1) is said to be finite-time H ∞ performance via model reference SLPV control with respect to (c 1 , c 2 , T f , R, σ ), where 0 < c 1 < c 2 and T f > 0, if there is a model reference SLPV controller (3) such that (i) The corresponding error switched system (7) is FTB with respect to (c 1 , c 2 , T f , R, σ ) .
(ii) Under the zero-initial condition, the output error e y (t) satisfies the following inequality
III. MAIN RESULTS
In the previous section, we constructed a model reference SLPV controllers (3) and presented relevant definitions.
In this section, sufficient conditions for both FTB via model reference SLPV control and finite-time H ∞ performance via model reference SLPV control under MDADT switching signals will be deduced.
A. FTB VIA MODEL REFERENCE SLPV CONTROL
In this subsection, we will obtain sufficient conditions to guarantee that the SLPV system (1) will be FTB via model reference SLPV control. Theorem 1: For any i, j ∈ and i = j, suppose there exist matrices P i > 0, U i > 0 and positive constants γ i , µ i > 1 and λ i , such that
Then, the corresponding error SLPV system (7) is FTB with respect to (c 1 , c 2 , d, T f , R, σ ) under the MDADT of the switching signal σ which satisfies
where
N 0i ln µ i , and a model reference SLPV controller (3) which can be designed as
Proof: Choose the following multiple Lyapunov functions:
In the next formula derivation, we use V σ (t) (t) to denote V σ (t) (e(t)) for simplicity. The derivative of (35) along the trajectories of subsystem i yieldṡ
Then, from (13), we havė
Next, we integrate (20) for any t ∈ [t k , t k+1 )
Assume that t (5) and (35), we obtain
Combining (21) and (22) gives rise to
. After some manipulations, we obtain
Consider the following equation
Then, we have
According to the condition (15), we obtain ln c 2 /κ 2 − ln(c 1 /κ 1 +γ d/κ 3 )−ε i > 0. Thus, we can obtain the following inequality
Therefore, combining (16) , and (26)- (28), we have
Based on Definition 5, the SLPV system (1) is FTB via model reference SLPV control with respect to c 1 ,
The proof is completed. Remark 3: According to (16) , the MADADT designed in Theorem 1 is related to the external disturbance energy of the system and the switching time interval.
B. FINITE-TIME H ∞ PERFORMANCE VIA MODEL REFERENCE SLPV CONTROL
In this subsection, based on Theorem 1, we will explore the existence condition of the finite-time H ∞ performance via model reference SLPV control with the admissible MDADT switching signal.
Theorem 2 For any i, j ∈ , and i = j, suppose there exist a matric P i > 0, and positive constants µ i > 1, and
Then, the corresponding error SLPV system (7) is finite-time bounded with H ∞ performanceγ with respect to (0, c 2 , d, T f , R,γ ) under the mode-dependent average dwell time of the switching signal σ which satisfies
and a model reference SLPV controller (3) which can be designed as
Proof: By the Schur complement formula and from (30), we obtain that the error switched system (7) is finite-time bounded with respect to (0, c 2 , d, T f , R, σ ) with setting c 1 = 0 and U i = I based on Theorem 1.
Choose the following multiple Lyapunov functions:
Using V σ (t) (t) to denote V σ (t) (e(t)) for simplicity, from (30), we have
(37)
Next, we will prove the inequality (12) under the zero-initial condition. From (37), we obtain
(38)
Then, we multiply both sides of (38) by exp
From Definition 1, we have N σ i (0, τ ) ≤ N 0i + T i (0, τ )/τ ai and τ ai ≥ ln µ i /λ i . Then, we obtain
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Setting t = T f , yields
. According to Definition 6, we can concluded that the SLPV system (1) is finite-time bounded with H ∞ performanceγ via model reference SLPV control for any MDADT switching signal (33).
The proof is completed.
Remark 4:
Based on the result of [29] focused on the finite-time H ∞ control problem of the switching linear system, this paper solves the finite-time H ∞ control problem of the SLPV system by designing the model reference SLPV controller.
Remark 5: Theorem 2 establishes the relationship among the MDADT, the exogenous disturbance and the finite-time intervals.
IV. EXAMPLE
In this section, a speed tracking control problem of the GE-90 turbofan-engine is solved by the model reference SLPV control scheme, which shows the validity and practicability of this theoretical research.
A. THE GE-90 TURBOFAN-ENGINE MODEL
In this subsection, an SLPV model of an aero-engine and its reference model will be established. The aero-engine model mentioned in this paper is a two-spool model of the GE-90k turbofan engine.
As a multivariable, parameter-varying system, the GE-90k aero-engine system has a drastic dynamic change. In this paper, an SLPV model of the turbofan-engine is constructed by fitting the data from [31] , which has been widely used to model the GE-90k engine system in the literature.
Here, a classical SLPV model of the turbofan engine can be built as the following:
the core speed increment, and N f = N f − N fe denotes the fan speed increment normalized by 3000. u(t) = W F , W F = W F − W Fe is the fuel flow increment. ω(t) is given as the disturbance input considering the engine deterioration. In addition, we choose Mach number m, and altitude h normalized by 10,000 as the scheduling parameter ρ, which is divided into three subsets as follows:
To apply our control scheme on the SLPV model of the GE90k engine, the established model (44) must be rebuilt in the form of (1) by prefitering the control inputs u. The augmented system for the aero-engine is described as
The obtained matrices of the augmented SLPV model (45) are expressed as 
Next, we need to establish the switched reference model. It should be pointed out that there is much more freedom to design a reference model. Without loss of generality, we design the reference model on the basis of the method in [27] and regional pole placement. Then, the state-space matrices of SLPV reference model are designed as 
B. SPEED TRACKING CONTROL OF THE GE-90 TURBOFAN-ENGINE
In this subsection, we will apply the proposed control scheme to the SLPV system of the aero-engine. We will design a model reference SLPV controller ( First, we will design the switching signal under the MDADT logic and the ADT logic, respectively. The relevant parameters and computation results are presented in Table 1 . It can be seen from Table 1 that the minimal MDADT are reduced to τ * a1 = 5.827, τ * a2 = 4.145, τ * a3 = 3.332, and the ADT switching is τ * a1 = τ * a2 = τ * a3 = 5.827, which is designed by [23] . Obviously, one special case of the MDADT switching is equal to the ADT switching by setting µ 1 = µ 2 = µ 3 = 1.06 and λ 1 = λ 2 = λ 3 = 0.011. That is, the MDADT switching is more general than the ADT switching. Then, we denote ω(t) = e −t as the health parameter input of the GE-90k engine. By applying Theorem 2, the following matrices of controller (3) By solving the matrix constraints (6), the following matrixes can be obtained. In the simulation, we use a switching signal, which satisfies τ a1 = 5.5 > τ * a1 , τ a2 = 4.5 > τ * a2 , and τ a3 = 3.5 > τ * a3 . Simulation results are shown in Fig. 1-Fig. 4 . The switching signal is shown in Fig. 1 , which is designed by the MDADT method. As shown in Fig. 2 and Fig. 3 , the measurement output y(t) tracks the reference output y m over a finite-time interval. Fig. 4 shows that the SLPV system (45) is finite-time bounded via model reference SLPV control with respect to (0.2, 150, 1, 40, I , σ ). Hence, for any switching signal σ (t) with MDADT τ a1 > τ * a1 = 5.827, τ a2 > τ * a2 = 4.145, and τ a3 > τ * a3 = 3.332, the switched system (45) is finite-time bounded with H ∞ performanceγ via model reference SLPV control with respect to (0.2, 150, 1, 40, I , σ ) .
V. CONCLUSION
In this paper, we have addressed the tracking problem of the finite-time H ∞ model reference control for the SLPV system. By developing matrix conditions, the SLPV reference model is designed. Based on the MDADT technique and multiple Lyapunov technique, sufficient conditions for both FTB via model reference SLPV control and finite-time H ∞ performance via model reference SLPV control have been obtained. Then, the model reference SLPV controller is designed to fulfill the main control objective. Finally, theoretical results are applied to a turbofan-engine to deal with the speed tracking problem. The application simulations results demonstrate the effectiveness of the proposed control strategy.
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